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Scattering of flexural acoustic phonons at grain boundaries in graphene
Edit E. Helgee and Andreas Isacsson
Department of Applied Physics, Chalmers University of Technology, SE-412 96, Go¨teborg, Sweden
We investigate the scattering of long-wavelength flexural phonons against grain boundaries in
graphene using molecular dynamics simulations. Three symmetric tilt grain boundaires are consid-
ered: one with a misorientation angle of 17.9◦ displaying an out-of-plane buckling 1.5 nm high and
5 nm wide, one with a misorientation angle of 9.4◦ and an out-of-plane buckling 0.6 nm high and
1.7 nm wide, and one with a misorientation angle of 32.2◦ and no out-of-plane buckling. At the flat
grain boundary, the phonon transmission exceeds 95% for wavelengths above 1 nm. The buckled
boundaries have a substantially lower transmission in this wavelength range, with a minimum trans-
mission of 20% for the 17.9◦ boundary and 40% for the 9.4◦ boundary. At the buckled boundaries,
coupling between flexural and longitudinal phonon modes is also observed. The results indicate
that scattering of long-wavelength flexural phonons at grain boundaries in graphene is mainly due
to out-of-plane buckling. A continuum mechanical model of the scattering process has been devel-
oped, providing a deeper understanding of the scattering process as well as a way to calculate the
effect of a grain boundary on long-wavelength flexural phonons based on the buckling size.
I. INTRODUCTION
Due to its two-dimensional nature and exceptional me-
chanical properties, graphene is considered an interesting
material for phononics1. However, the use of graphene in
phononics requires methods for engineering the vibrational
properties. One approach might be to use extended defects,
such as the grain boundaries known to exist in graphene
grown by chemical vapor deposition2. These grain bound-
aries have been found to consist mainly of pentagon and
heptagon defects and to have a tendency towards out-
of-plane buckling3–5. The electronic6,7 and mechanical8,9
properties of grain boundaries have been investigated previ-
ously, but the effects on vibrational properties and phonon
transport are still not known.
Diffusion of phonons is the dominating mechanism of
thermal transport in graphene, and it has been claimed that
in suspended graphene flexural acoustic phonons are partic-
ularly important10,11. Phonon scattering at grain bound-
aries will therefore affect the thermal conductivity. The
thermal conductivity across grain boundaries has previ-
ously been studied using non-equilibriummolecular dynam-
ics and Green’s function methods. It was found that grain
boundaries in graphene reduce the thermal conductivity, al-
though the effect is small compared to other materials12–16.
However, these studies do not provide detailed insight into
the phonon scattering mechanism.
In the present study, molecular dynamics is used to in-
vestigate the scattering of flexural (out-of-plane) phonons
against grain boundaries in graphene. Three grain bound-
aries have been considered: one that shows no buckling, one
that displays buckling with a height of 0.6 nm and a width
of 1.7 nm, and one with a buckling height of 1.5 nm and a
buckling width of 5 nm. We find that the grain boundary
with the higher buckling may transmit as little as 20% of
the incoming phonon pulse at wavelengths above 1 nm. For
the boundary with the lower buckling the minimum trans-
mission is 40%, while the transmission at the flat boundary
approaches 100 % for the same wavelengths. Also, we find
that the incoming flexural vibrations give rise to a longi-
tudinal vibration when interacting with the buckled grain
boundaries.
A continuum mechanical model of the scattering process
is also developed and shown to have a good qualitative
correspondence to the molecular dynamics results. This
model enables us to calculate the phonon transmission at
a boundary based on the buckling height and width.
The paper is organized as follows: Section II describes
the simulation method and the construction of the phonon
wave packets. Section III presents the results of the molec-
ular dynamics simulations, while section IV describes the
continuum mechanical treatment of the problem. Finally,
section V contains discussion and conclusions.
II. METHOD
Molecular dynamics (MD) simulations have been per-
formed using the program package LAMMPS (Large-scale
Atomic/Molecular Massively Parallel Simulator)17, and the
interaction between carbon atoms has been modelled using
the Tersoff bond-order potential18. The Tersoff potential
is known to reproduce lattice constants and elastic proper-
ties of several carbon allotropes with reasonable accuracy19.
In the present study the potential parameters obtained by
Lindsay and Broido20 were used, as this parametrization
gives an improved description of the phonon dispersion
in graphene. The potential gives a lattice parameter of
0.249nm.
A. Grain boundaries
The structure and energetics of graphene grain bound-
aries have previously been extensively studied using atom-
istic simulation methods4–7,21. Tilt grain boundaries in
graphene have been shown to consist of dislocations in the
form of pentagon-heptagon defect pairs, with the defect
density determined by the misorientation angle. In par-
ticular, Carlsson et al. have shown that it is possible to
Figure 1. (Color online) Grain boundary with misorientation
angle 32.2◦, seen from the y direction (top) and from the z
direction (bottom). Figure created using VMD22.
predict the structure of tilt grain boundaries in graphene
using coincidence site lattice theory4. In the present study,
three of the symmetric tilt grain boundaries that were stud-
ied by Carlsson et al. are considered. The boundaries are
characterized by the misorientation angles 32.2◦, 17.9◦ and
9.4◦ and can be seen in Figures 1, 2 and 3, respectively.
Grain boundaries have been constructed using the Atom-
istic Simulation Environment23. To construct a grain
boundary, two sheets of graphene are rotated with respect
to one another by the desired misorientation angle θ. The
grains are then joined and any atoms overlapping with each
other are removed. In theory, no extra atoms should have
to be added to the structure. In practice, however, the
short range of the interatomic potential makes it neces-
sary to add atoms in positions where the nearest neighbors
are more than twice the bulk interatomic distance apart.
If no atoms are added, the resulting structure will con-
tain under-coordinated atoms. After addition of necessary
atoms, the structure is optimized using a conjugate gradi-
ents energy minimization method and the resulting struc-
ture is checked for under-coordinated atoms. If any under-
coordinated atoms are found, more atoms are added and
the minimization process repeated. To enable full relax-
ation, the size of the simulated system in the directions par-
allel and perpendicular to the grain boundary are allowed
to vary independently of each other. Periodic boundary
conditions are applied and each simulated system therefore
contains two grain boundaries.
Although several studies find that most graphene grain
boundaries are buckled4–7,21, the energy minimization al-
gorithms in LAMMPS do not succeed in producing buckled
grain boundaries. Therefore, the optimized grain boundary
structure is equilibrated in a NPT simulation at T = 50 K
and P = 0 bar for 500 ps with a timestep of 1 fs, and there-
upon cooled to 0.01K at a rate of 6Kns−1. After this a
final energy minimization, in which the shape of the system
is allowed to change, is performed. This produces systems
with little residual thermal energy and in most cases a sub-
stantial buckling. Equilibrating at a higher temperature
does not change the grain boundary structure or buckling
characteristics.
B. Wave packet method
In order to obtain detailed information about the phonon
scattering it is necessary to introduce phonons with a well-
defined polarization and frequency into the system. How-
ever, the limitations regarding system size preclude the
use of plane waves. We therefore adopt the wave-packet
method of Schelling et al.24–26, who have used it to study
thermal conductivity across grain boundaries in semicon-
ductors. In this approach, phonon wave-packets are con-
structed from the vibrational eigenmodes of the lattice ac-
cording to
uj =
∑
k
akǫjke
i(k·rj−ω(k)t), (1)
where uj is a vector describing the displacement of atom
j, k is a wavevector, ǫjk is the polarization vector for the
appropriate phonon branch, rj is the position of atom j and
ω is the phonon frequency. The amplitudes ak are given by
ak = A exp(−η
2|k− k0|
2) exp(−ik ·R0) (2)
where A is an amplitude and η is the width of the
wavepacket in real space. The wavepacket is centered
around k0 in reciprocal space and around R0 in real space.
Initial velocities can be obtained by differentiating Eq. (1)
with respect to time.
The polarization vectors ǫjk and dispersion relation ω(k)
have been obtained by diagonalizing the dynamical matrix
of the perfect lattice using the General Utility Lattice Pro-
gram (GULP)27,28. For the wavepacket width η a value of
5 nm was chosen, in order to make the wavepackets narrow
in reciprocal space and thereby reduce the distortion of the
pulse with time. This is important due to the quadratic
dispersion of the out-of-plane phonon mode in graphene.
However, as this makes the wavepackets quite wide in real
space the simulations require systems that are at least a
few hundred nanometers long in the direction of propaga-
tion (perpendicular to the grain boundary). The amplitude
was chosen to be small, 0.013nm, in order to avoid nonlin-
ear effects29,30. All wave-packet simulations are conducted
with periodic boundary conditions in the direction parallel
to the grain boundary and fixed boundary conditions in the
other directions.
III. RESULTS
A. Grain boundaries
The grain boundary energy γ of each boundary has been
calculated according to
γ =
EGB −NE0
2L
, (3)
where EGB is the energy of a simulated grain boundary
system, N is the number of atoms in the system, E0 is
the energy per atom of the perfect lattice and L is the
2
Figure 2. (Color online) Grain boundary with misorientation angle 17.9◦, seen from the y direction (top) and from the z direction
(bottom). Figure created using VMD22.
Figure 3. (Color online) Grain boundary with misorientation
angle 9.4◦, seen from the y direction (top) and from the z di-
rection (bottom). Figure created using VMD22.
length of the simulated system in the direction parallel to
the boundary. The factor of 1/2 appears because there
are two grain boundaries in each system due to periodic
boundary conditions.
Both the 32.2◦ and the 9.4◦ grain boundary have grain
boundary energies of 3.7 eVnm−1, while the 17.9◦ grain
boundary has an energy of 4.6 eVnm−1. These values are
similar to those obtained by Liu et al.5 using the AIREBO
potential, which is closely related to the Tersoff potential.
Both potentials overestimate the grain boundary energies
slightly compared to calculations using density functional
theory or more long-ranged potentials4,6,7. For example,
Carlsson et al. report grain boundary energies about 1 to
1.5 eVnm−1 lower4. The grain boundary energies found in
the present study can be seen in Table I.
As mentioned in the Methods section, out-of-plane buck-
ling is an important characteristic of graphene grain bound-
aries. One of the boundaries considered here, the 32.2◦
grain boundary, is found to be flat in agreement with pre-
vious studies4,5. The other two, the 9.4◦ and 17.9◦ bound-
aries, display grain boundary buckling in the shape of a
ridge running along the boundary. Due to the distribution
of defects in the boundary region the height of the ridge
varies along the grain boundary. The buckling direction
(upwards or downwards from the graphene sheet) appears
to be random, and the two grain boundaries present in the
same simulated system are not necessarily buckled in the
same direction.
To characterize the buckling we have estimated a buck-
ling height and width. The buckling height H should be
measured relative to the unperturbed graphene sheet far
from the boundary. However, in systems that have been
subjected to nonzero temperatures the graphene sheet does
not become perfectly flat even far from the boundaries.
Therefore, a mean value of the position in the out-of-plane
(z) direction is calculated for a region of the sheet located as
far away from both grain boundaries as possible and about
10 nm wide in the direction perpendicular to the boundary
(x). The buckling height is taken to be the difference be-
tween this reference value and the peak (upwards or down-
wards) of the boundary buckle. The buckling width W is
estimated as the width of the buckle halfway between the
peak and the reference value.
In order to find the buckling characteristics of the 9.4◦
and 17.9◦ grain boundaries in the limit of large grains, sys-
tems of different sizes have been investigated. It is found
that increasing the system size in the y direction to more
than one grain boundary period does not affect the buck-
ling characteristics. The system length in the x direction,
3
Table I. Grain boundary energies. The misorientation angle is
denoted by θ and the boundary energy by γ. Grain boundary
energies obtained by Liu et al. (Figure 4 in Ref. 5) are included
for comparison.
θ (◦) γ (eV nm−1) γ from Ref. 5 (eV nm−1)
32.2 3.7 3.9
17.9 4.6 4.6
9.4 3.7 3.5
0.4
0.6
H
 (n
m)
0 100 200 300 400
1
1.5
2
System length x (nm)
W
 (n
m)
Figure 4. Buckling height (top) and width (bottom) for the 9.4◦
boundary plotted against the length of the simulated system in
the x direction.
however, has a considerable effect on the buckling as can
be seen in Figures 4 and 5. The buckling height of the 9.4◦
grain boundary increases with increasing length for systems
smaller than 100nm and then appears to fluctuate around
0.65 nm for systems between 100 and 400nm in length.
Similarly, the buckling width fluctuates around 1.8 nm for
systems longer than 100nm. For the 17.9◦ boundary, the
buckling height and width are seen to grow for system sizes
up to 600nm. The rise in computational cost with in-
creasing system size regrettably prevents us from extending
the study to even larger systems. Still, it is evident from
these results that the buckling characteristics converge very
slowly with respect to system length in the x direction.
It should be noted that the increase in buckling height
and width with increasing system size is accompanied by
surprisingly small changes in the grain boundary energy.
For example, the grain boundary energy of the 9.4◦ bound-
ary obtained with a cell 22.5 nm long is 3.8 eVnm−1, only
0.1 eVnm−1 higher than that obtained with a cell 259.1 nm
long.
Even without complete convergence with respect to sys-
tem size it is clear that the present study finds significantly
larger buckling heights compared to previous work. For
example, although Carlsson et al.4 find a height close to
0.5 nm for the 9.4◦ boundary using first-principles methods,
they obtain a lower buckling height for the 17.9◦ boundary
(about 0.3 nm). Similarly, Liu et al.5 find the height of the
1
2
H
 (n
m)
0 200 400 600
0
5
10
System length x (nm)
W
 (n
m)
Figure 5. Buckling height (top) and width (bottom) for the
17.9◦ boundary plotted against the length of the simulated sys-
tem in the x direction.
9.4◦ grain boundary to be about 0.18 nm and the height of
the 17.9◦ boundary to be slightly smaller, about 0.16nm.
The most probable cause of this discrepancy is that the
previous studies consider fairly small systems. Carlsson et
al.4 state that the grain boundaries in their periodic simula-
tion cells are separated by twice the grain boundary period,
which in the case of the 9.4◦ boundary implies a distance of
3.03nm and for the 17.9◦ boundary a distance of 4.808nm.
Liu et al.5 are regrettably vague about the separation be-
tween grain boundaries but mention minimum grain sizes
of 3.6 nm.
The grain boundary buckling height is also influenced
by the boundary conditions, as has been seen for crys-
talline membranes31, and by whether or not the system
size is allowed to change. In the present study we use pe-
riodic boundary conditions during grain boundary fabrica-
tion, and allow the size of the system to change isotropically
during the heating and cooling process. A fixed size would
have prevented the system from contracting in the direction
perpendicular to the boundary, producing a lower buck-
ling. Similarly, an even larger buckling would have been
obtained by allowing the system to change size anisotrop-
ically during the NPT simulation, enabling it to contract
in the direction perpendicular to the grain boundary while
keeping the size in the parallel direction constant. Which of
these approaches would be optimal for reproducing the ex-
perimental behavior of suspended polycrystalline graphene
depends on the fabrication process. However, the approach
used here produces grain boundary systems adequate for
the phonon scattering simulations that are the primary fo-
cus of this study.
B. Phonon scattering
For the phonon scattering simulations we have chosen
systems with a size of one grain boundary period in the
y direction. The systems containing the 32.2◦ and 9.4◦
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Table II. Grain boundary buckling and simulation cell dimen-
sions. The misorientation angle is denoted by θ, the buckling
height by H and the buckling width byW . The buckling height
obtained by Liu et al. (Figure 5 in Ref. 5) is included for com-
parison.
θ (◦) Dimensions (nm3) H (nm) H , Ref. 5 (nm) W (nm)
32.2 264× 0.98× 10 0 0 0
17.9 406 × 2.404 × 10 1.5 0.16 5
9.4 259 × 1.516 × 10 0.6 0.18 1.7
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Figure 6. Kinetic energy in grain 1 (top) and grain 2 (bottom)
as a function of time, for the 9.4◦ boundary with k0 = 3 nm
−1.
boundaries are approximately 250nm long in the x direc-
tion, while the system containing the 17.9◦ boundary is
about 400 nm long. This system length has been chosen so
as to give the 17.9◦ boundary a substantially higher buck-
ling than the 9.4◦ boundary, since the buckling character-
istics of the 17.9◦ boundary show no signs of convergence
with respect to system size. System sizes and buckling
characteristics for each boundary can be seen in Table II.
Figure 6 shows the fraction of the average total kinetic
energy on either side of the grain boundary as a function
of time for a wavepacket with k0 = 3 nm
−1 incident on
the 9.4◦ boundary. Initially, all kinetic energy is located
in grain 1. After about 20 ps the kinetic energy in grain 1
starts to decrease and the kinetic energy in grain 2 starts to
increase, indicating that the wavepacket is scattered against
the boundary. At 35 ps the energy in grain 2 decreases
by about 9% and the energy in grain 1 increases by 17%,
which is rather unexpected as the phonon pulse should have
passed the boundary completely at that time. Between
40 and 60ps the energy in each grain fluctuates around
a constant value. The large fluctuations at 60ps indicate
interaction with the fixed boundary conditions.
To investigate the unexpected behaviour at 35 ps the con-
tributions to the kinetic energy from movement in different
directions is considered, as can be seen in Figures 7 and 8.
As expected, all kinetic energy is initially due to movement
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Figure 7. Fraction of the total kinetic energy in the longitudinal
mode (top) and the out-of-plane mode (bottom) in grain 1, for
the 9.4◦ boundary with k0 = 3 nm
−1.
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Figure 8. Fraction of the total kinetic energy in the longitudinal
mode (top) and the out-of-plane mode (bottom) in grain 2, for
the 9.4◦ boundary with k0 = 3 nm
−1.
in the z direction (the out-of-plane mode, or ZA mode).
As the pulse hits the boundary at 20 ps, a contribution to
kinetic energy due to movement in the x direction (longi-
tudinal mode, or LA mode) appears on both sides of the
boundary. After 35 ps the movement in the x direction
starts to decrease, and at 40ps almost all the kinetic en-
ergy is again in the out-of-plane mode. No movement in the
y direction (in-plane and parallel to the grain boundary) is
seen during the simulation.
The behavior of the longitudinal vibrations can be un-
derstood by considering the propagation velocity of the vi-
brations. According to the dispersion relation of longitudi-
nal acoustic phonons in graphene, the propagation velocity
should approach 22 nmps−1 at long wavelenghs20. Long-
5
wavelength flexural vibrations are much slower, with a
propagation velocity of about 3.7 nmps−1 at k0 = 3 nm
−1.
Since the simulated system is 259nm long in the x direction
and the grain boundary is located in the middle, it takes
about 6 ps for longitudinal vibrations arising at the grain
boundary to reach the end of the system. The vibrations
will be reflected against the fixed boundary conditions and
return to the grain boundary after an additional 6 ps. This
corresponds well to the time during which the longitudinal
vibrations are seen in the simulation, especially if it is taken
into account that the pulse of longitudinal vibrations will
have a finite width in space.
What is seen in Figures 7 and 8 is thus that the scattering
of out-of-plane vibrations against the grain boundary pro-
duces longitudinal vibrations, which propagate to the edge
of the cell where they are reflected. When the reflected lon-
gitudinal vibrations again reach the grain boundary they
are scattered back into the out-of-plane mode, explaining
the decrease in longitudinal vibrations and increase in out-
of-plane vibrations between 35 and 40 ps.
It follows from the above discussion that the changes oc-
curring in the kinetic energy of the two grains after scatter-
ing of the longitudinal vibrations result from interactions
with the boundary conditions. Transmission and reflection
coefficients T and R, which are defined as
T =
〈EGrain2k 〉
Etotk
,
(4)
R =
〈EGrain1k 〉
Etotk
,
must therefore be evaluated before this point. Here,
EGrain1k and E
Grain2
k are the time-dependent kinetic energies
in grain 1 and grain 2, Etotk is the average kinetic energy of
the entire system and the brackets represent a time aver-
age over times between the scattering of the incident pulse
at the grain boundary and the scattering of the reflected
longitudinal vibrations.
Figure 9 shows T and R as functions of k0 for all three
grain boundaries. It is clear that the 32.2◦ boundary, which
is flat, has T ≈ 1 and R ≈ 0 for the entire range of
wavenumbers. Thus, this boundary appears not to scat-
ter long-wavelength out-of-plane vibrations. In contrast,
the transmission at the buckled 17.9◦ boundary is as low
as T = 0.2 for k0 = 1 nm
−1 and has a maximum value
of T = 0.8 at k0 = 5 nm
−1, showing that it scatters the
incoming pulse. The 9.4◦ boundary also causes significant
scattering as the transmission never exceeds T = 0.7 and
reaches a minimum value of T = 0.4 at k0 = 1.5 nm
−1.
The differences in transmission at the flat and buck-
led boundaries suggest that it is the buckling of the grain
boundary that scatters long-wavelength vibrations. This
is reasonable considering that the lattice defects present in
all three grain boundaries are only between 0.2 and 0.3 nm
wide, while the buckling of the 17.9◦ boundary is 5 nm wide
and that of the 9.4◦ 1.7 nm wide. Vibrations with wave-
lengths above 1 nm, such as those studied here, are unlikely
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 R
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−1)
 
 
9.4o
T R Tc Rc
Figure 9. (Color online) Energy transmission coefficient T
and reflection coefficient R as a function of k0 for the 32.2
◦
grain boundary (top), the 17.9◦ boundary (middle) and the
9.4◦ boundary (bottom). Tc and Rc are the correspond-
ing results from the continuum mechanical model described
in Section IV. The continuum model parameters are χ =
1.5 nm, FWHM=5nm for the 17.9◦ boundary and χ = 0.6 nm,
FWHM=1.7 nm for the 9.4◦ boundary.
to be strongly affected by the small lattice defects but will
interact with the wider buckling.
To provide a measure of how much of the energy is scat-
tered into the longitudinal mode, the longitudinal contri-
butions to the transmission (TL) and reflection (RL) are
calculated as
TL =
〈∑
Grain2mCv
2
ix/2
〉
Etotk
(5)
RL =
〈∑
Grain1mCv
2
ix/2
〉
Etotk
where vi,x is the velocity of atom i in the x direction, mC
is the mass of a carbon atom and the summations run over
all atoms in one grain. As in Equation 4, the brackets rep-
resent a time average over times between the scattering of
the incident pulse at the grain boundary and the scattering
of the reflected longitudinal vibrations.
Figure 10 shows TL and RL as a function of k0 for the
17.9◦ and 9.4◦ grain boundaries. It appears that TL > RL
for all k0 at both grain boundaries. Also, the maximum
value of TL occurs at a higher wavenumber, i.e. a shorter
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Figure 10. (Color online) Energy transmission TL and reflection
RL to the longitudinal mode as a function of k0 for the 17.9
◦
grain boundary (top) and the 9.4◦ grain boundary (bottom).
TLc and RLc are corresponding results from the continuum me-
chanical model described in Section IV. The continuum model
parameters are χ = 1.5 nm, FWHM=5nm for the 17.9◦ bound-
ary and χ = 0.6 nm, FWHM=1.7 nm for the 9.4◦ boundary.
wavelength, for the 9.4◦ boundary than for the 17.9◦ bound-
ary.
IV. CONTINUUM MECHANICAL MODEL
A. Theory
To analyze the scattering process a continuum mechani-
cal model of the system has been constructed. Continuum
mechanics is valid as long as variations in the deformation
of the graphene sheet occur on a length scale larger than the
lattice parameter. This is mostly true in the present case
since the lattice parameter of graphene is 0.24 nm and the
wavelengths considered are above 1 nm. Since no move-
ment in the y direction was seen in the MD simulations,
the system is modeled as a string restricted to vibrating
in one transversal mode and the longitudinal mode. The
equation governing the propagation of a transversal dis-
placement w(x, t) is
ρw¨ + κ∂4xw − ∂xσxx(∂xw) = 0 (6)
where ρ is the density and κ the bending rigidity, ∂x denotes
derivation with respect to x and the stress is given by
σxx = σ0 + (λ + 2µ)
(
∂xu+
1
2
(∂xw)
2
)
. (7)
In this expression σ0 is a preexisting stress in the string,
λ and µ are Lame´ parameters and u is the longitudinal
displacement which obeys the equation
ρu¨− ∂xσxx = 0. (8)
The buckling can be introduced as time-independent
terms in w(x, t) and u(x, t):
w(x, t) = w0(x) + w1(x, t),
(9)
u(x, t) = u0(x) + u1(x, t).
Since the amplitudes of the time-dependent vibrations are
small, we can omit terms that are nonlinear in the deriva-
tives of w1(x, t) and u1(x, t). Inserting the expression for
the stress into Equation (6) then gives
ρw¨1 + κ∂
4
xw1 − σ0∂
2
xw1−
(λ+ 2µ)∂x (∂xu1 + ∂xw0(x)∂xw1) ∂xw0(x)−
(λ+ 2µ)∂x
(
∂xu0(x) +
1
2
(∂xw0(x))
2
)
∂xw1 = 0. (10)
Treating Equation (8) in the same manner we obtain
ρu¨1 − (λ + 2µ)∂
2
xu1 − (λ+ 2µ)∂x(∂xw0∂xw1) = 0. (11)
B. Method of solution
Numerical solutions of Equations 10 and 11 have been ob-
tained using finite-difference methods. The equations have
been discretized using standard discretization schemes32
and the time-dependent displacements w1(x, t) and u1(x, t)
have been calculated at discrete positions xi = i∆x and
times tn = n∆t, with step sizes ∆x = 0.05 nm and
∆t = 0.4
√
dx4/4κ = 0.8 fs. The timestep has been cho-
sen in accordance with the stability criterion for the Euler-
Bernoulli equation33 and is calculated using the value of
the bending rigidity given by the modified Tersoff poten-
tial (κ=2.8 × 10−19 J). Also for ρ, λ and µ the values
given by the interatomic potential have been used, i.e.
ρ = 7.42× 10−7 kgm−2 and λ+2µ = 356 Nm−1. The pre-
existing stress σ0 has been used as a fitting parameter in or-
der to obtain the same propagation velocities as in the MD
simulations, giving it a value of 5× 10−3 × (λ+2µ) = 1.78
Nm−1.
Fixed boundary conditions are applied in the x direction.
A pulse of transverse vibrations, similar to the wave-packets
used in the MD simulations, is introduced through the ini-
tial conditions:
w1(xi, 0) = Ace
ik0xie−(xi−3L/8)
2/σ2
(12)
∂tw1(xi, 0) = ∂t
(
Ace
ik0xi−iω(k0)tne−(xi−3L/8)
2/σ2
)
,
where Ac = 0.01 nm is the vibration amplitude, k0 is
a central wavevector, ω(k0) is the vibration frequency at
wavevector k0 for the case of zero stress, σ = 9 nm de-
termines the width of the wavepacket and L = 400 nm is
7
the system length. Note that the simulated string extends
from −L/2 to L/2, with x = 0 in the middle of the cell.
For simplicity the buckling is approximated as a Gaussian
function:
w0(xi) = χe
−x2i/2ξ
2
,
(13)
u0(xi) =
∫
dx
(
−
1
2
(∂xw0(xi))
2
)
.
The parameters χ and ξ can be adjusted to mimic bound-
aries with different buckling height and width. To obtain
the longitudinal displacement u0(x) Equation (8) is used,
with σxx given by Equation (7) and w1(x, t) = 0. This
gives the static longitudinal displacement resulting from
the static transversal displacement w0(x).
C. Results
To compare the results of the continuum mechanical
model to those of the MD simulations it is necessary to find
the fraction of the total energy in each vibrational mode at
either side of the scattering center as a function of time.
Assuming that the vibrations are harmonic waves the total
kinetic energy is given by
Etot =
∆x
2
ρ
xi=L/2∑
xi=−L/2
ω2Tw
2
1(xi, tn) + ω
2
Lu
2
1(xi, tn), (14)
where ωT and ωL are the frequencies of the transverse and
longitudinal vibrations, respectively. The fraction of the
total kinetic energy in each mode is then
αT(tn) =
∆xρω2T
∑
xi>0
w21(xi, tn)
2Etot
βT(tn) =
∆xρω2T
∑
xi<0
w21(xi, tn)
2Etot
(15)
αL(tn) =
∆xρω2L
∑
xi>0
u21(xi, tn)
2Etot
βL(tn) =
∆xρω2L
∑
xi<0
u21(xi, tn)
2Etot
,
where αT is the energy in the transverse mode at x > 0,
βT is the energy in the transverse mode at x < 0, αL is
the energy in the longitudinal mode at x > 0 and βL is the
energy in the longitudinal mode at x < 0. Note that due to
the narrow range of frequencies in the incident pulse and
the neglect of terms nonlinear in ∂xw1(x, t), ωL ≈ ωT and
the frequencies will cancel in the above expressions.
Figures 11 and 12 show αT(tn), βT(tn), αL(tn) and
βL(tn) for k0 = 3 nm
−1. The scattering centre height has
been set to χ = 0.6 nm and the full width at half maximum
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Figure 11. Fraction of the total kinetic energy in the longitudinal
mode (top) and the transverse mode (bottom) for x < 0, ob-
tained from the continuum mechanical model with χ = 0.6 nm,
FWHM=1.7 nm and k0 =3nm
−1.
(FWHM, 2ξ
√
2 ln(2)) to 1.7 nm in order to model the 9.4◦
boundary. At the beginning of the simulation all energy is
located in the transverse mode at x < 0. After about 20 ps
the energy at x < 0 starts to decrease and the energy at
x > 0 starts to increase. At the same time a longitudinal
vibration appears at both x > 0 and x < 0. Approximately
25 ps into the simulation the amount of energy in the lon-
gitudinal mode starts to decrease, while the energy in the
transverse mode increases slightly. This behavior is qual-
itatively similar to the MD results presented in Figures 7
and 8. The main differences are that the amount of energy
transferred to the longitudinal mode is smaller and that
it decreases more gradually, which in turn leads to a less
abrupt increase of the energy in the transverse mode after
scattering of the longitudinal vibration.
As in the MD simulations, transmission and reflection co-
efficients need to be calculated before any interaction with
the boundary conditions. The total transmission and reflec-
tion coefficients, Tc and Rc, have been calculated according
to
Tc = 〈αT + αL〉
(16)
Rc = 〈βT + βL〉
where the brackets denote time averaging over times be-
tween the scattering of the incident pulse and the scattering
of the reflected longitudinal pulse.
Figure 9 shows Tc and Rc as functions of k0 for values of
χ and FWHM corresponding to the buckling characteristics
of the two buckled grain boundaries. Considering first the
9.4◦ boundary, we see that the simple continuum mechan-
ical model with χ = 0.6 nm and FWHM = 1.7 nm agrees
remarkably well with MD results for smaller wavenumbers,
even reproducing the minimum in transmission at k0 = 1.5
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Figure 12. Fraction of the total kinetic energy in the longitudinal
mode (top) and the transverse mode (bottom) for x > 0, ob-
tained from the continuum mechanical model with χ = 0.6 nm,
FWHM=1.7 nm and k0 =3nm
−1.
nm−1. The transmission at k0 = 2 nm
−1 is somewhat un-
derestimated, while above k0 = 3 nm
−1 it is overestimated
compared to MD results.
For the 17.9◦ boundary there is less agreement between
the two models. The continuum mechanical model with
χ = 1.5 nm and FWHM = 5nm correctly gives Tc < Rc
at k0 = 1 nm
−1, but overestimates the transmission for all
other wavenumbers. To improve the continuum mechani-
cal description different values of FWHM were tested, with
FWHM = 2nm producing the best agreement with MD re-
sults. As can be seen in Figure 13, a continuum model with
FWHM = 2nm reproduces the MD result that Tc < Rc for
both k0 = 1 and k0 = 1.5 nm
−1, but still overestimates the
transmission at larger k0.
To further compare the two models, the transmission and
reflection into the longitudinal mode were calculated ac-
cording to
TLc = 〈αL〉
(17)
RLc = 〈βL〉,
where the brackets represent time averaging between the
scattering of the incident pulse and scattering of the re-
flected longitudinal pulse. As can be seen in Figure 10, the
continuum mechanical model agrees with MD simulations
in that TLc > RLc for all wavenumbers and boundaries.
However, the continuum mechanical model consistently un-
derestimates the amount of energy in the longitudinal mode
compared to MD. For the 9.4◦ boundary continuum me-
chanical and MD results follow the same general trend up
to k0 = 2.5 nm
−1, above which TLc decreases significantly
while the corresponding MD quantity TL remains nearly
constant. For the 17.9◦ boundary, the continuum model
with χ = 1.5 and FWHM= 5 places the maximum value of
both RLc and TLc at k0 = 1 nm
−1, while according to the
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Figure 13. (Color online) Transmission and reflection coeffi-
cients from MD results for the 17.9◦ boundary and correspond-
ing results from the continuum model with χ = 1.5 nm and
FWHM= 2 nm. Top: Total energy transmission T and reflec-
tion R from MD simulations as a function of k0, with Tc and
Rc from the continuum model. Bottom: Energy transmission
TL and reflection RL to the longitudinal mode from MD simula-
tions as a function of k0, with TLc and RLc from the continuum
model.
MD simulations RL and TL reach their maxima at k0 = 2
and k0 = 2.5 nm
−1 respectively. Once again a much bet-
ter correspondence is obtained using FWHM = 2nm, as
can be seen in Figure 13. While using this width gives
TLc = RLc, the maximum value appears at k0 = 2 nm
−1 in
good agreement with MD results.
The comparison of the atomistic and continuum mechan-
ical models shows that the scattering at the 9.4◦ boundary
can be described by a continuum mechanical model where
the Gaussian scattering center has the same height and
width as the boundary buckling. In contrast, the scatter-
ing at the 17.9◦ boundary is more accurately reproduced
by a scattering center narrower than the buckling in width,
but with the same height. We attribute this difference to
the shape of the boundary buckling. Figure 14 shows the
height profiles (maximum position in the z direction as a
function of position in x) for the two boundaries along with
the shapes of the scattering centers used in the continuum
mechanical model. The shape of the 9.4◦ grain boundary
appears to be quite well described by the Gaussian func-
tion, although the buckling is wider at the base. In con-
trast, the buckling of the 17.9◦ boundary is both wider at
the base and noticeably narrower at the peak compared to
the Gaussian with FWHM = 5nm. The narrower Gaussian
with FWHM = 2nm, while completely failing to reproduce
the shape at the base, describes the behavior near the peak
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Figure 14. (Color online) Top: Height profile of the 17.9◦
grain boundary (solid blue line) with w0(x) for χ = 1.5 nm,
FWHM=5nm (dashed red line) and χ = 1.5 nm, FWHM=2nm
(dash-dotted black line). Bottom: Height profile of the 9.4◦
grain boundary (solid blue line) with w0(x) for χ = 0.6,
FWHM=1.7 nm (dashed red line).
of the buckling fairly well.
Considering the greater success of the continuum model
with FWHM = 2nm compared to that with FWHM =
5nm, the shape of the buckling near the peak appears to
be important for the scattering. This can be explained us-
ing Equations (10) and (11). In these equations it is seen
that the scattering is due mainly to the second derivative of
w0(x), i.e. the curvature of the buckling. The largest cur-
vature of the actual grain boundary buckling occurs at the
peak, and this curvature will effectively determine the scat-
tering strength. To obtain a good correspondence between
MD and the continuum mechanical model it is therefore
important to have a scattering center that reproduces the
peak curvature given by the atomistic simulations. In the
case of the 17.9◦ boundary this is achieved with FWHM =
2nm, but not with FWHM = 5nm.
V. CONCLUSION
In the present study, molecular dynamics simulations
have been used to investigate the scattering of long-
wavelength flexural (out-of-plane) phonons against grain
boundaries in graphene. Of the three considered grain
boundaries, the one with a misorientation angle of 32.2◦
is flat and the other two, with misorientation angles 9.4◦
and 17.9◦, display a substantial out-of-plane buckling. The
buckling of the 9.4◦ boundary is found to be 0.6 nm high
and 1.7 nm wide, while that of the 17.9◦ boundary is 1.5 nm
high and 5 nm wide. Due to the slow convergence of the
buckling characteristics with respect to system size, previ-
ous studies4,5 on smaller systems have found lower buckling
heights.
The results of the phonon scattering simulations show
large differences between flat and buckled boundaries. At
the flat 32.2◦ boundary, the transmission is over 95% for
wavelengths above 1 nm, indicating that this boundary does
not significantly scatter long-wavelength flexural phonons.
In contrast, both buckled boundaries are seen to cause
substantial scattering: for the 17.9◦ boundary the trans-
mission reaches a minimum value of 20% at wavevector
k0 = 1 nm
−1, while for the 9.4◦ boundary the minimum
transmission is 40% at k0 = 1.5 nm
−1. Additionally, the
buckled boundaries scatter between 20 and 50% of the to-
tal vibrational energy into the longitudinal mode. Clearly,
it is the buckling of the grain boundaries that scatters long-
wavelength flexural phonons.
It has been claimed that long-wavelength flexural
phonons contribute significantly to the thermal conductiv-
ity of graphene10,11. If this is the case, the phonon scat-
tering results above indicate that the boundary buckling
should have a substantial influence on the thermal conduc-
tivity across grain boundaries, the Kapitza conductance.
Such an effect seems especially likely given that buckling
due to compressive strain has been found to change the
thermal conductivity of graphene34,35. Unfortunately, the
existing studies of the Kapitza conductance in graphene do
not mention grain boundary buckling at all12–16, although
some consider the effects of buckling due to strain36,37. It is
possible that no significant buckling has been seen in these
studies since they frequently use a fixed system size, some-
thing that may reduce or eliminate buckling by preventing
the system from contracting in the direction perpendicu-
lar to the boundary. An investigation of the dependence
of the Kapitza conductance on boundary buckling could
supply new insights and contribute to the understanding
of the thermal conductivity in grain boundaries subject to
compressive strain.
In addition to the molecular dynamics simulations a con-
tinuummechanical model of the phonon scattering has been
constructed. The system is modeled as a string restricted
to vibrating in one transversal mode and the longitudinal
mode, with the stress effectively determined by a static
transversal displacement representing the buckling. The
continuum mechanical model shows good qualitative agree-
ment with the molecular dynamics results. For the 9.4◦
boundary the transmission minimum at k0 = 1.5 nm
−1
is reproduced with surprising accuracy when the static
transversal displacement is given the same height and width
as the observed boundary buckling. To reach a similar
agreement for the 17.9◦ grain boundary it is necessary to
reduce the width of the static displacement by 3 nm com-
pared to the width of the boundary buckling, which gives
a better description of the buckling curvature at the peak.
The results show that continuum mechanics can be used
to describe the effect of buckled grain boundaries on long-
wavelength flexural phonons in graphene.
10
ACKNOWLEDGEMENTS
We would like to thank Prof. Jari Kinaret for stimulating
discussions. We also acknowledge financial support from
the Swedish Research Council (VR) and the EU Graphene
Flagship (grant no. 604391).
1 A. A. Balandin and D. L. Nika, Mater Today 15, 266 (2012).
2 P. Y. Huang et al., Nature 469, 389 (2011).
3 J. Coraux, A. T. N’Diaye, C. Busse, and T. Michely, Nano
Lett 8, 565 (2008).
4 J. M. Carlsson, L. M. Ghiringhelli, and A. Fasolino, Phys
Rev B 84, 165423 (2011).
5 T.-H. Liu, G. Gajewski, C.-W. Pao, and C.-C. Chang, Car-
bon 49, 2306 (2011).
6 O. V. Yazyev, Solid State Commun 152, 1431 (2012).
7 J. Zhang and J. Zhao, Carbon 55, 151 (2013).
8 G.-H. Lee et al., Science 340, 1073 (2013).
9 A. Cao and J. Qu, J Appl Phys 112, 043519 (2012).
10 J. H. Seol et al., Science 328, 213 (2010).
11 L. Lindsay, D. A. Broido, and N. Mingo, Phys Rev B 82,
115427 (2010).
12 A. Cao and J. Qu, J Appl Phys 111, 053529 (2012).
13 H.-Y. Cao, H. Xiang, and X.-G. Gong, Solid State Commun
152, 1807 (2012).
14 A. Bagri, S.-P. Kim, R. S. Ruoff, and V. B. Shenoy, Nano
Lett 11, 3917 (2011).
15 Y. Lu and J. Guo, Appl Phys Lett 101, 043112 (2012).
16 A. Y. Serov, Z.-Y. Ong, and E. Pop, Appl Phys Lett 102,
033104 (2013).
17 S. J. Plimpton, J Comput Phys 117, 1 (1995),
http://lammps.sandia.gov.
18 J. Tersoff, Phys Rev B 37, 6991 (1988).
19 J. Tersoff, Phys Rev Lett 61, 2879 (1988).
20 L. Lindsay and D. A. Broido, Phys Rev B 81, 205441 (2010).
21 O. V. Yazyev and S. G. Louie, Phys Rev B 81, 195420 (2010).
22 W. Humphrey, A. Dalke, and K. Schulten, J Mol Graphics
14, 33 (1996).
23 S. R. Bahn and K. W. Jacobsen, Comput Sci Eng 4, 56
(2002).
24 P. K. Schelling, S. R. Phillpot, and P. Keblinski, Appl Phys
Lett 80, 2484 (2002).
25 P. K. Schelling, S. R. Phillpot, and P. Keblinski, J Appl Phys
95, 6082 (2004).
26 C. Kimmer, S. Aubry, A. Skye, and P. K. Schelling, Phys
Rev B 75, 144105 (2007).
27 J. D. Gale, J Chem Soc: Faraday T 93, 629 (1997).
28 J. D. Gale and A. L. Rohl, Mol Simulat 29, 291 (2003).
29 J. Atalaya, A. Isacsson, and J. M. Kinaret, Nano Lett 8, 4169
(2008).
30 M. D. Eriksson, D. Midtvedt, A. Croy, and A. Isacsson, Nan-
otechnology 24, 395702 (2013).
31 C. Carraro and D. R. Nelson, Phys Rev E 48, 3082 (1993).
32 W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P.
Flannery, Numerical Recipes: The Art of Scientific Comput-
ing, 3:rd ed. (Cambridge University Press, New York, USA,
2007).
33 A. Tzes, S. Yurkovich, and F. Langer, in IEEE International
Conference on Systems Engineering ///, Wright State Univ,
Dept Elect Engn; IEEE, Aerosp & Elects Syst Soc; IEEE,
Dayton Sect (I E E E, New York, 1989), pp. 557–560, Inter-
national Conf on Systems Engineering, Fairborn, OH, Aug
24-26, 1989.
34 N. Wei, L. Xu, H.-Q. Wang, and J.-C. Zheng, Nanotechnol-
ogy 22, 105705 (2011).
35 X. Li, K. Maute, M. L. Dunn, and R. Yang, Phys Rev B 81,
245318 (2010).
36 T.-H. Liu, C.-W. Pao, and C.-C. Chang, Comp Mater Sci 70,
163 (2013).
37 S. Tang and Y. Kulkarni, Appl Phys Lett 103, 213113 (2013).
11
